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Fisher invented ANOVA in the 1920's to partition variance of a single
dependent variable into uncorrelated parts. Having uncorrelated parts makes the
computations involved in ANOVA incredibly easier. This was itnportant before
computers were invented, when calculations were all done by hand, and also were
done repeatedly, to check for calculation errors.

The present paper demonstrates that ANOVA effects in a balanced design
are perfectly uncorrelated. A mathematical proof that the 4 sums-of-squares
partitions (2 main effect, 1 two-way interaction, and error) for a factorial two-way
design are all uncorrelated, i.e., sum exactly to the SOS of the dependent variable

is presented and a small heuristic data set is included to illustrate the proof.




Fisher invented ANOVA in the 1920's to partition variance of a single dependent variable into
uncorrelated parts. Having uncorrelated parts makes the computations involved in ANOVA incredibly
easier. This was important before computers were invented, when calculations were all done by hand,
and also were done repeatedly, to check for calculation errors. |

The present paper demonstrates that ANOVA effects in a balanced design are perfectly
uncorrelated. A mathematical proof that the 4 sums-of-squares partitions (2 main effect, 1 two-way
interaction, and error) for a factorial two-way design are all uncorrelated, i.e., sum exactly to the SOS
of the dependent variable is presented and a small heuristic data set is included to illustrate the proof.

Let A be the independent variable with levels 1,..,j,...a and subjects 1,...,i,...,n. For the one

factor case, we can describe the influences responsible for the performance of the i’h subject in the

J th treatment group by writing the #j th response in terms of the sum of (the overall mean performance

of all subjects) and (the difference between the J th treatment mean and the overall mean) and (the
unexplained component of the i’h subject's score).

The statistical model for the one factor completely randomized design with fixed effects is given
by
xj = p+ (- )+ (x5 - 1),
which completely accounts for the ij ih response (Kennedy & Bush, 1985).

For ease of notation, let & ; = (,uj - u) and &jj = (x,-j - ,uj), allowing us to rewrite the

model as
) Xy'=;l+aj+6q.

Let X.= il —>u and X, j= iz j M be the least-squares estimators of the

population parameters in the above model. (Note that * indicates that the subscript varies over all
cases whereas the explicit subscript remains fixed. For example, X, j is the mean of the jth treatment

group over all subjects 1,...,n.) Thus, the working model is given as

2) Xq=-7..+(-'ij~x.)+(xy-'-7.j)




where a ;= (f j - f) and  &j; =(x;; — X ;). Notethat a; denotes the effect for the j th

a
level of the independent variable A and that Y. & j =0 (The assumption of fixed effects is important

J
for this result). Also, recall that £;; N N, ,(0,0’2).

To genefalize to the two-factor case, let A and B be two independent variables with levels
1,...J,..,8 for A, levels 1,...k..b for B, and subjects 1,...,i,...,n. Note that the set of all values
Xijk » for all i=1,..n, j=1,...,a and k=1,...,b

can be thought of as a vector with n-a-b entries. For example, suppose n=2, a=2, and b =3.

Then this vector has 2:-2-3=12 entries. We write X = (xijk) to stand for the vector having

n-a-b entries. This is an nXx axb vector, commonly called a tensor, (a tensor can be

conceptualized as a 3-dimensional matrix), whose mean is given by

We can now describe and completely account for the ijk th response in a similar manner to

the one-factor case i th response by generalizing the statistical model in equation (1) to

(1)* Xijk =H+aj+ B +afj + .

For ease of notation in writing down the generalized model, we will use the following shorthand:

N

1 ik i=lj=1k=1




The least-squares type estimators are now given as

_ .
@ X.= b Tk M, ® ;= B—Zxxjk > Uj,
aon i ik
_ 1 _ 1
() Xp=——D2Xjk > Mk @  Xjg== Dxg > Hjk.
an U n i

Using these estimators, we can define the components of (1)* as

a,; =(f,j. —X...), B =(5€"..k —f...), aﬂjk =(ij = Xj. =X +f...),

and 8ijk =(x,-jk —fjk)

Using the estimator X, for i and subtracting it from both sides of equation (1)*, we have

&) ng—f...=aj+ﬂk+aﬂjk +€{'jk‘

We will use equation (*) and the least-squar=s type estimators (a) - (d) to prove the following claim.

Claim; SS(Total) = SS(A) + SS(B) + SS(AB) + SS(Error) whereall the SS terms are

uncorrelated.
Proof’ If we square both sides of (*) and sum over all ijk, we have
= 12 2
(**) Zk (xjjx — X...) =Zk (@ +PBr+afjx + i)




=Y af+T BE+ T (@Bp)? + T e

ijk ijk ijk ijk

XajBr+2ajof i+ Zaﬁqk + 2. Brap ji

(nixed ) v o ijk ijk ijk
mixed terms
+ 2 Bréiji + Zaﬂjkgzjk
ijk ik

It is important to note at this point that if it can be shown that eachof a, [, af,and €

is zero, then each of the mixed terms in (**) represents the covariance of two tensors. In general, the

covariance of two tensors U and V is given by

cov(U,V) = %(u,-jk - D) = 7).
ij

Thus, it will suffic to show that eachof @, f3, EB, and € is zero and that the mixed terms

above is each equal to zero, since U and V are uncorrelated (perpendicular or orthogonal) if and only
if
cov(U,V)=0.

Subclaim 1; Eachof a, £, af, and € is zero.

I. Consider .

_ 1 1 - o
a = —a; = —YIX; -
abn,]z,:, J abn i J )
I l
= — X ———) X
abnljzk J abn,]k
4




- L nbYE,. - ——abn .
abn j abn
| -~ _
= —2X;~X = X.-X
a’.
J
= 0.
II. Consider B
— 1 1 _ _
B = —B—Zﬂk = —E—Z(x..k ~X.)
abn j abn iz
- lys - lys
abn,-jk abn,-jk
= —na) X ———abn ¥
abn k abn
o _ _
= —YXp-X = X.-X
by
= 0.
III. Cons'der €.
_ 1 1 _ _
g = —_— i = — iy — X,
abn:jzk ijk abnij\%(x’f" Jk)

0 ¢]




| QR l .
- —— Xis —_— X, ;
abnijzk ik abnijzk Jk
X L X = X. —X
= — ———— .jk = —
= 0.
IV. Consider EB.
-— 1 1 - - = -
aﬂ = —Tzaﬂjk = T (xjk —'x.j. - x..k + x...)
aLnUk a nyk
1 - 1 - 1 - 1
T a2 T Y
a nyk a nyk nyk a n'jk
l . |
= —;Z jk-—Zx.j.——-Zx k+X
Jjk a; k

Thus, each of @, B, &,—3, and € is zero and subclaim 1 is proved.

Note that all of the possible mixed or combination terms of the four components

aj=(2;-%.) Be=(Fi-%) @B =(F-%;-%4+%.),

J




and Eijk =(-"ijk - X, jk) from equation (*) are represented in equation (**).

Thus, since each of @, ,—B, ZZB, and € is zero, now showing each mixed term equal to zero will

consequently show that

alp, alap, ale, Blap, Ble, and afle.

Subclaim 2: Each of the 6 mixed terms in equation (**) is equal to 0.

I. Consider the first mixed term of (**), Y. @ jﬂk .

ijk
na b n a b
Yaifr = 22 Xaify = ZZa;( Zﬂkj
ijk i=lj=1k=1 i=j=1  \k=]
n a b
= Y Za, Y(%p - % )) by definition of (*)
i=1j=1 " \k=1

£ S -x)
— Xig — X by ()
i=1j=1 ~\k=1 M =1j=] ’
$a L2580
= a il — Xjik — bX
i=1j=1 / ank=1l=1j=1 ’
n a
= Y Zaj(bf... -b%..) by (a)
i=1j=1
= 0.




Il. Consider the second mixed term of (**), > & ;af ji .
ijk

Za B =
ijk

I
M=
Ma
Mo

R
\Q
R
=3

P M=
™M=

R
.

N

it ™M
3

.
=
N— S

M
M:

na b
Xijk ———Z ZZx,,k——ZZ > Xijk + bX. ]by (d),(b),(c)

1
np=1i=1 Mk=1i=1k=1 anj=1j=1k=1

1
M=
Ma

-~
.
/~
S
~
i

b
anxj - bx, +bX. J by (b) and (a)
1

III. Consider the third mixed term of (**), Za j€ijk -
ijk

na b a
aAjE = DY XajE = )
j:

ijk i=lj=lk=1




a b n
= > Ya J(Z(xyk -X f")J by definition of (*)
j=lk=1 \i=l
a b n n
= X Xaj| Lxk- X X
J=lk=1 \i=l i=1
a b 3
= Y Zaj(nf.jk —nx.}k) by (d)
j=lk=1

IV. Consider the fourth mixed term of (**), > Braf i .

ijk
na b n b a
2BkBu = XX TBraByp = Y. XBi| TaB
ijk i=lj=lk=1 i=lk=1 \j=1
n b a
= L XBr| (X jx —X % )| by definition of (*)
i=lk=1 \j=1
n b a a a a
= XXBk| XXX X - X+ L X
i=lk=1 \j=1 j=1 j=1 Jj=1
n b 14 n n b 1] na a
= X 2Bk|- X nyk-b > 2 XXk —— 2 3 T Xjjg +ax. | by (d),00),(c)
i=tk=1 \"j=1i=1 j=li=lk=1 anj-yj=1j=1
n b 1 4
= Z Z[J’k ax.p —ax., —— Zanf..k +ax.. | by (c),a), (c)
i=lk=1 an ;-

12




!

n a n b
)y %ﬂk(af--k - Zf--k] = X > Br(ax.k —ax.i)

i=lk=1 j=1

V. Consider the fifth mixed term of (**), > B Eijk -
ifk

na b
2Preijk = 22 2hkein =
ik i=lj=1k=1

VL. Consider the sixth mixed term of (**), > af jx&;ji -

ijk
na b
2.aB jkEijk 22 XaBsii
ifk i=lj=1k=1
a b n
= 2 2ap; (Z(x,jk -X jk)] by definition of (*)
Jj=lk=1 i=1

Eoonlfom-3 )
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Thus, since all mixed terms of (**) equal 0,

=\ 2 2 2 2
S(x - %) =Zad+ 2B} + Tapy + Tely
ijk ijk ijk itk ijk

which is the mathematical equivalent of

SS(Total) = SS(A) + SS(B) + SS(AB) + SS(Error), since each of

a, B, EB, and € is zero.

Consequently, since all possible covariance combinations equal 0,

alpB, alap, ale, plap, fle, and affle .

Thus, the 4 sums-of-squares partitions (2 main effects, 1 two-way interaction, and error) for a

completely randomized factorial two-way design with fixed effects are all uncorrelated.




Appendix A

This appendix consists of an example using a small heuristic data set and calculations illustrating how to

work through the proof .

Example: 18 students, 9 male and 9 female, are distributed randomly among 3 training conditions:
cooperative learning, lecture and control. Let A be the independent variable representing gender and
B be the independent variable representing training condition. This example represents a two-way (2 x

3) balanced design where A has 2 levels and B has 3 levels.

Let Y be the dependent variable representing grade/performance on a 10 point test over the chosen

topic. The following table represents test scores as a function of training condition and gender.

Training Condition Male Female

G=1 (G=2)
k=1 Cooperative Learning 5 6 17 8 8 9
k=2) Lecture 7 9 9 4 5 6
(k=3) Control 2 3 4 2 3 6

number of subjects per group by gender (n=3) i=1,..,3
A - gender (a=2) j=1,2

B - training condition (b =23) k=1,..,3
a-b-n=18

12 :
15




LSS Sn=I 3y
X —— sy = ——— X::
- abn Z szljk 181=lj=lk=l ijk

N =] j=1k=1

1 32 13
= EZ Z(xijl + X5 + xijs) =‘“Z[(xm + X91) + (Xipg + Xigg) + (Xig3 + xm)]
i=lj=1

(xlll + Xpp) + Xy + X2 + X3 +*"123)*‘(*"211 + Xy + X1 + Xy + X313 +x223)}

1
18 +(x3“ + X331 + X315 + X335 + X313 + xaza)

—1—[(5+8+7+4+2+2)+(6+8+9+5+3+3)+(7+9+9+6+4+6)]

= m = 5.7222222

13 3 X = —;*(52) =5.7777778
J. —9"2 injk = 1
' ¥, =5(51) = 56666667

1 3.3 2
7= 33 3, -5 )= 3 SR, X )4F - %))
Jj=1 1 lk=1

(2 = Ll(54647484849)= %(43) — 7166666667

x =
% (7+9+9+4+5+6)—~é—(40) 6.666666667

f.. =~zzxtjk:><x -
Fq= (2+3+4+2+3+6)=%(20) 3333333333

||
ol )

o)}
C
e 2 i)

{

13

ib




(716666667 ~5.72222222)

2 3 3 2
YSa j( S (%, - f)) = Y3 +(6.66666667 — 5.7222222)
i=lj=l - M=l i=1j=1 +(333333333-572222222)

3 2
= ¥ Y a,(144444447+ 94444447 - 2 38888887)
i=lj=1

3 2
= YXe 0= o

i=1j=1

14

> b
-3
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